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Abstract- Formulas are obtained for the simultaneous determination oftwo of the four coefficients,k (thermal
conductivity),/ (latent heat of fusion), c (specific heat) , p (mass density), of a material occupying a semi-infinite
medium. This determination is obtained through an inverse one-phase Lame-Clapeyron (Stefan) problem
with an overspecified condition on the fixed face of the phase change material. To so lve this problem, we
assume th at the coefficients /'0, CT, 00 > 0 are known from experiments (where ho characterizes the heat flux
through the fixed face, CT characterizes the mo ving boundary and 00 is the temperature on the fixed face).
Denoting the temperature by 0, the results we obtain concerning the associated moving boundary problem are
the following :

(i) When one of the triples {O,k,/}, {O,k,p} is to be found, the corresponding moving boundary problem
always has a solution of the Lame-Clapeyron-Neumann typ e.

(ii) If one of the triples {O,k,e}, {O,/,e}, {O,/,p}, and {O,c,p} has to be determined , the above property is
satisfied if and only if a complementary condition for the data is verified,

Formulas are also obtained for the simult aneous determination of other physical coefficients and the
inequality ~2 < Slej2(Ste :Stefan number) for the coefficient ~ of the free boundary 5(t) = 2a~t 1/2 of the Lame

Clapeyron solution of the one-phase Stefan problem without unknown coefficients.

I\'Ol\IEI\'CLATURE

c, specific heat;
f, error function;
k, therm al conductivity;
I, latent heat of fusion;
110, coefficient defined by equation (2e);
Ste, Stefan number, cOo/I ;
s, position of phase change location;
t, time variable;
x, spatial variable.

Greek symbols
a, thermal dilfusivity, k]pc (= a2

) ;

p, mass density;
a, coefficient defined by equation (I);
0, temperature;
00' temperature on the fixed face,_x = 0;
~, dimensionless parameter, a/a.

I. 11'1RODUcnON

SUPPOSE that two of the four coefficients, k (thermal
conductivity).! (latent heat of fusion), c(specific heat), p

tThiswork has been presented a t the Reunion Nacional de
Fisica-198I held at San Luis (Argent ina) on 24-27 November
1981 and was written while the author was staying on a
fellowship of the Italian C.N.R. (G. N.F.M.) in the Istituto
Matemat ico " Ulisse Dini", Uni v. di Firenze, Viale Morgagni
67A, 50134 Firenze, Italy.

(mass density) of a phase (e.g. liquid) of some given
materi al are known. If, by means of a change of phase
experiment (fusion of the material at its melting
temperature) we are able to measure the quantities
110 > 0, a > 0 and 00 ~ 0, then we will be able to find
the formulas for the simultaneous determination of
the unknown coefficients.

Consider the inverse one-phase Lame-Clapeyron
problem (or the inverse one-phase Stefan problem with
constant thermal coefficients)[7, 18,35,45,54,60] with
an overspecified condition on the fixed face x = 0 [53,
54]. This overspecified condition consists of the
specification of the heat flux through the fixed face of
the material undergoing the phase change process.
Other boundary value problems for the l-dirn. heat
equation with an overspecified condit ion on a part of
the boundary have been analyzed [5,8,9,11-17,22,23,
29-31,42]. (See also the references listed in ref. [54].)

In ref. [59], it was sho wn that the solution of the
inverse conduction problem is characterized by a
discontinuous dependence on data. Other references
dealing with inverse problems are refs.[3, 38,47] ; those
on the identification of parameters are refs. [19-21,24,
34, 49], and those on improperly posed problems in
partial differentialequationsare refs.[36,37, 43, 50,58].

If we suppose that the melting temperature is zero
and the moving boundary is given by

s(t) = 2at 1/2 , with a> 0, (1)

our problem is reduced to finding the temperature
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(2e)

o= O(x, t) of the liquid phase, defined for 0 < x < set)
and t > 0, and two of the four coefficients k, I,c, p such
that they satisfy the following conditions ~

cO 2 020

-;;- = a -2' 0 < x < set), t > 0, (2a)
ct ox

O[s(t),t] = 0, t > 0, (2b)

ao
- k ax [set),t] = pls'(t), t > 0, (2c)

0(0, t) = 00 , t > 0, (2d)

eo 110
k ox (0, t) = - (Ii2' t > 0

(Stefan) problem with the overspecified condition (2); in
the remaining cases, the same conclusion is true if and
only if a complementary condition is satisfied.

In Section 3, we shall consider the simultaneous
determination of 110 and one of the thermal coefficients
k, I, p, c and we shall obtain the inequality (32) for the
element eof the free boundary s(t) = 2aet l /2 of the
Lame-Clapeyron solution of the one-phase Stefan
problem without unknown coefficients.

2. SOLUTION OF TilE SIX DIFFEREl'\T CASES

The solution of problem (2) is given by

where a2 = klpc represents the thermal diffusivity of
the material and 00 is the temperature on the fixed face

x = O. with

o
O(x,t) = 00- -_0-J(x/2at I / 2

)
J(a/a)

(4)

(3)
If we define

(6)

2 I"J(x) = iii exp( -1I
2)du = erf(x)

1r: 0

(5)
. k

a/J(a/a) = h01r:I/2/pCOo, with a2 =-.
pc

where the two unknown coefficients, chosen between k,
I, p, c, must satisfy the following system of equations:

a exp(a2/a2
) = ho/pl

Remark 1

We suppose that ho > 0 and a > 0 are known. The
coefficient 110 characterizes the heat flux on the fixed
face x = 0, equation (2e), and a characterizes the
moving boundary (1). These must be determined
experimentally. It is assumed that the temperature
00 > 0 at x = 0 is given.

In Section 2, we shall consider six different cases with
the following unknown coefficients:

(i) k,c (ii) k, I (iii) k,p

(iv) I,c (v) I,p (vi) c,p.

_Property 2. (Simultaneous determination oj the
coefficients k and 1)

For any data ho > 0, a> 0, 00 > 0 and for any

Property 1. (Simultaneous determination oj tile
coefficients k and c)

If the data ho > 0, a > 0 and the coefficients of the
phase change material p > 0, I > 0 verify the condition

110
- > 1 (8)
plu

independently oWo/O, then problem (2) has the solution
(4) where k and c are given by

h01T.1/2 aho1T. 1/2J(e)
c=--um, k=---- (9)

paOo 00 e
and eis the unique solution of the equation

2 Ito
exp(x ) = -, x> 0 (lOa)

pIa
which is given by

We shall prove that there is not always a solution of
the Lame-Clapeyron-Neumann type [7, 18,35,45,53,
54, 60] for problem (2) for all the six different cases
(3). Namely, the explicit solution exists for cases (i),
(iv),(v)and (vi)ifand only if a complementary condition
is satisfied; the explicit solution always exists for
cases (ii) and (iii).This fact has been already observed in
ref. [54] for the determination of an unknown
coefficient of the phase change material and in refs. [52,
53] for other problems of the Stefan type.

The determination of the thermal conductivity
k = k(t) is studied in refs. [10,27] through a one-phase
Stefan problem. The determination of one or two
unknown coefficients is studied in ref. [48] through a
two-phase Stefan problem. A review of the control of
parabolic systems involving free boundaries has been
made [28] as has one on free boundaryproblems for the
heat equation [44, 55]. The determination of thermal
coefficients by other physical methods has been studied
[1,2,4,6,25,26,32,33,39-41,46,51,56,57].

The main result ofthis paper can be stated as follows:

AIain result
Knowing the three elements 00 > 0, 110 > 0 and

a > 0 given by equations (2d), (2e) and (1) respectively,
it is possible to obtain formulas giving two of the four
thermal coeflicients k, I, c, p. Moreover, in cases (ii)
and (iii) it is always possible to find an explicit solution
to the associated inverse one-phase Lame-Clapeyron

we have

exp(e) = IIo/pla,

um = pcaOo/llo1T.'/2.

[ (
It )JI/2e= log pI: .

(7a)

(7b)

(lOb)
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coefficients of the phase change material p > 0, C > 0,
problem (2) has the solution (4) where k and I arc given
by

ho pea?
1=- exp( _~2), k = - (11)

pa ~2

and ~ is the unique solution of the equation

pcaOo
xf(x) = -,1/2' x> O. (12)

1071:

solution (4) where c and p are given by

ho kl •
p=-exp(_~2), C=_,_<;2 exp (e ) (19)

la ,oa

and ~ is the unique solution of equation (17). For the
proofs of these properties see the Appendix.

Remark 2.
In cases (iv), (v) and (vi) the parameter' is defined

by the same equation (17). Moreover, ifwe define Civ and
livby equations (16), p,.and l, by equations (18), and P,i
and C,i by equations (19) corresponding to cases (iv),
(v) and (vi) respectively, we have:

(a) if we put p = Pviin the definition ofci" we obtain

P"i;
(d) if we put c = Civ in the definition of I" we obtain

liv;
(e) if we put I = l; in the definition of Pvi' we obtain

Pv;
(f) if we put 1= liv in the definition of Cvi' we obtain

(b) if we put p = p; in the definition of Ii" we obtain
Iv;

(c) if we put c = Cvi in the definition of p" we obtain
(13)

(14)

and ~ is the unique solution of the equation

2 cOo
xf(x)exp(x ) = Irr 1/2' x> O.

Property 3. (Simultaneous determination of the
coefficients k and p)

For any data ho > 0, a> 0, 00 > 0 and for any
coefficients ofthe phase change I > O,c > 0, problem (2)
has the solution (4) where k and p are given by

ho h0 7l:1/2
P = -I exp(_~2) = -0- a(~)

a ca 0

hoca exp (- ~2) ah o71: 1/2 f(~)

k=-I- e =-o-o-T

(20)

O(x,t) = 00-f~~/(X/2atl/2),

s(t) = 2a~t1/2 (free boundary)

Remark 3
The solution {O(x,t),s(t)} of the Lame-Clapeyron

(Stefan) problem without unknown coefficients [7, 18,
35,45,54,60], defined by (2a}-(2d) and s(O) = 0, is given
by

where ~ is the unique solution of equation (14). In this
case, we have ho = kOo/af(~)7I:1/2, thus, the inequalities
(8) and (15) are verified. The condition (15) is always
verified because of the well-known properties of the
error function, and condition (8) gives us the following
inequality:

(15)

(16)

(17)
f(x) kOo
-=--1/-2' x>O.

x hoarr

Property 4. (Simultaneous determination of the
coefficients I and c)

If the data h., > O,« > 0'00 > Oand the coefficient of
the phase change material k > 0 verify the condition

kOo < I
2hoa

and ~ is the unique solution of the equation

independently of p > 0, then problem (2) has the
solution (4) where I and c are given by

k h
C=_~2, 1=~exp(-~2)

pa2 pa

(21)

Property 5. (Simultaneous determination of the
coefficients I and p)

If'the data h, > O,« > 0,00 > Oand the coefficient of
the phase change material k: > 0 verify the condition
(15), independently of c > 0, then problem (2) has the
solution (4) where I and p are given by

k 2 I hoca exp ( - ~2) (18)
P = -2 ~, = -k- y2co . <;

cOo
Ste = -1- (Stefan number)

which is ofphysical interest for all Stefan numbers and
can be obtained trivially from equation (14).

Moreover, for the coefficient ~, the following
inequality is obtained in ref. [54, equation (29)]:

which is only ofphysical interest when Ste < 71:/2. Inthis
case, we replace < by = and we denote by ~ I and ~2the
solutions ofthe equations from the inequalities (22) and
(21), respectively. We get ~2 < ~I since we havc j'(x)

and ~ is the unique solution of equation (17).

Property 6. (Simultaneous determination of the
coefficients c and p)

If'the data Jr., > O,« > 0,00 > Oand the coefficient of
the phase change material k > 0 verify the condition
(15), independently of I> 0, then problem (2) has the

(
2 )1/2

f(~) < -; Ste (22)
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< (2/n 1/2)X, "Ix > 0, and xf(x) is an increas ing function
in IR+ .

(iv) If the dat a a, 00 > 0 and the coefficients of the
phase change material k, I, P > 0 verify the condition

where ~ is the solution of the following equation :

then the simultaneous determination of 110 , I' > 0 is
given by

k
110 = pia exp(e), c = - e (29)

po?

2 kOo (3f(x) exp(x ) = 2 1/2 X, x> O. 0)
. lpa n

(28)kOo 1-- >
21pa2

Remark 5
If a > 0 is given, then the simultaneous determi

nation of {O, 11 0 , j} withje {k, l,p, c], given by Property
7, is equivalent to the determination of {O, j} [solution
of problems (1), (2a)-{2d)] and 110 given by

kOoII - (31)
o - af(ala)n I / 2 '

Moreover , for the four cases the temperature 0
[solution of problems (1) and (2)] is given by
equation (4).

Remark 4
In case (iii) of this work, and cases (i) and (iv) of ref.

[54] , the parameter ~ is defined by the same equation
(14). Moreover, ifwe define Pmand kiii byequations(I3),
a l and k I (see equation (11) of ref. [54]), and a4 and P4
(see equation (25) of ref. [54]) by

Iro -2 7[1r~ 2
al=-Iexp(-~), kl=-02f(~), (23)

P pc 0

kOo ~ nlr~ 2-

a4 = lIonl/2 fW' P4 = kcO~ f (~), (24)

corresponding to case (iii)of this work, and cases (i)and
(iv) of ref. [54] respectively, we have :

(a) ifwe put a = a4 in the definition of Piii ' we obtain
P4;

(b) if we put a = a I in the definition of kjjiowe obtain
kl ;

(c) ifwe put P = Pmin the definition of k l , we obtain
kiil ;

(d) if we put k = km in the definition of P4, we obtain

Pm·

This remark completes ref. [54] Remark I.

3. SIMULTAl"EOUS DETERl\JI~'\TtO~ OF

OTJIER PHYSICAL COEFFICIE~TS

We shall consider the simultaneous determination of
11 0 and one of the thermal coefficients k, I, P,c. Using a
method similar to the one developed in Section 2, we
obtain :

Remark 6
From equation . (28), we deduce the following

inequality for th e parameter'; of the free boundary of
the Lame-Clapeyron solution of the one-phase Stefan
problem without unknown coefficients (20) (cr. Remark
3)

(iii) Foranydata a, 00 > 0 and for any coefficients of
the ph ase change material k.l, I' > 0, the simultaneous
determination of 110 , P > 0 is given by

kl 2 2 k 2110=-~ exp(';), p =-2';
ca ca

Property 7
(i) For any data a, 00 > 0 and for any coefficients of

the phase change material k, p, c > 0, the simultaneous
determination of 110 , I > 0 is given by

kOo ~ 1= 1'00 exp(-e)
110 = a11: 1/2 fW' n l/2 UW

(32)

(33)

2 Ste
.; <

2

C12
ex= .

log (lrolpl(1)

which is of physical interest for all Stefan numbers Ste.
If we denote by ';3 the solution of the equ ation

obtained from the inequality (32)by replacing < with
=, i.e. ';3 = (SteI2jl /2 , we get ~3 < ';2 (cf. Remark 3).

Remark 8
If the coefficient p > 0 is a data, then the

simultaneous determination of a and ex is equivalent to
the simultaneous determination of a and c (cf. [54]).

Remark 7. (Simultaneous determination of the coef
ficients k and ex)

If the coefficient p > 0 is a data, then the
simultaneous determination of k and ex is equivalent to
the simultaneous determination ofk and c. Moreover, if
the data verify the condition (8), then the coefficients k
and ex are given by

k _ 1IoC1 n1/2 f{[log(ho/ pla)]1/2}

- 00 [log(1J 0/p la)] 1f2 '

(26)

(27)

(25)a
~ = -.

a
with

where'; is the solution of equation (14).

(ii) For any data a, 00 > 0 and for any coefficients of
the phase change material I,P, I' > 0, the simultaneous
determination of 110 , k > O·is given by

pca2

110 = pia exp (~2), k =7

where ~ is the solution of equation (14).
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Simultaneous determin ation of two unknown thermal coefficients

DETERMINATION SIMULTANEE DE DEUX COEFFICIENTS THERMIQUES INCONNUS
PAR UN PROBLEME INVERSE A UNE PHASE DE LAME-CLAPEYRON (STEFAN) AVEC

UNE CONDITION SUPERSPECIFIEE SUR LA FACE FIXE

Resume-On donne des formules pour la determination de deux des quatre coefficients k [conductivite
thermique).I (chaleur latente de fusion), c (chaleur massique),p (masse volurnique) d'un materiau semi-infini.
Cette determination est obtenue atravers un problerne inverse monophasique de Lame-Clapeyron (Stefan)
avec une condition surspecifiee sur la face fixedu materiau qui change de pha se.Pour resoudre ce probleme,
nous suppo sons que les coefficients Iro• CT, 00 > 0 sont connus par l'experience (ou Iro caracterise Ie flux
thermique atravers la face fixe, CT caracterise la Irontiere mobile et 00 est la temperature de la facefixe). Notant
par 0 la ternperature.I es resultats concernant Ie problerne associe de frontiere mobile est: (I) quand un des
triplets (0,k,£), (0,k,p) est atrouver Ie problerne correspondant de frontiere mobile a toujours une solution de
type Lame-Clapeyron-Neumann, (2) si un des triplets (0, k, c), (0, I,c), (0,1, p) et (0, c, p) est adeterminer, la
propriete ci-dessusest sa tisfaite si et seulement si une condition complementaire pour les donnees est verifiee.

On obtient des formules pour la determination sirnultanee desautres coefficientsphysiques et l'inegalite e
< Sle/2(Sre, nombre de Stefan) pour Iecoefficient~ de la Irontiere Iibrestr] = 2a~II/2 de la solution de Lame

Clapeyron du problerne aune phase de Stefan sans coefficient inconnu.

SIMULTANE BESTIMMUNG ZWEIER UNBEKANNTER THERMISCHER KOEFFIZIENTEN
DURCH EIN INVERSES EINPHASIGES LAME-CLAPEYRON-(STEFAN-)PROBLEM MIT

EINER OBERBESTlMMTEN BEDINGUNG AUF DER FESTEN SEITE

Zusammenfassung-Es werden Gleichungen fiirdie simultane Bestimmung von zweider vier Koeffizientenk
(Wiirmeleitfahigkeit), I (Schmelzwarme), c [specifische Wiirmekapazit iit), p (Dichte) eines halbunendlich
ausgedehnten Korpers gefunden. Die Bestimmung wird durch ein inverses einphasiges Lame-Clapeyron
(Stefan-)problem mit einer iiberbestimmten Bedingungan der festen Seite des phasenwechselnden Mediums
erhalten. Urn dieses Problem zu losen, nehmen wir an, dall die Koeffizienten /ZO, CT, 00 > 0 aus Messungen
bekannt sind, (wobeiIrodie Wiirmestromdichle durch die feste Halfte darstellt, CT die wandernde Grenzflache
und 00 die Temperatur der festen Bcgrcnzungsflache), Wenn man die Ternpcratur mit 0 bezeichnet, so erhalt
man folgende Ergebnisse fiir das entsprechende Problem mit wandernder Grenzfliiche:

(I) Wenn eines der Tripcl {O,k ,I}, {O,k,p} gesucht ist, hat das zugehorige Problem mit wandernder
Grenzflache eine Losung vom Larne-Cl apeyron-Neumann-Typ.

(2) WenneinesderTripel {O,k,c}, {O,I,c}, {O,I,p} und {O,c,p)zu bestimmen ist, wird die obige Eigenschaft
erfiillt, wenn und nur wenn eine komplementare Bedingung fiir die Daten verifiziert wird.

Weiterhin erhalten wir Gleichungen fiir die simultane Bestimmung anderer physikalischer Koeffizienten
und die Ungleichung~2 < Sle/2(Sle: Stefan-Zahl)fiirden Koeffizienten~ derfreien Grcnzflachestr) = 2a~tl/2

der Lame-Clapeyron-Losung des einphasigen Stefan-Probl ems ohne unbekannte Koeffizienten.

OJlHOBPEMEHHOE OnPEJlEJlEHHE JlBYX HEIBBECfUbIX K03<IJ<lJHUHEHTOB
TEnJ10nEPEHOCA nYTEM PEWEHH5I OEiPATHOH OnHO<IJA3HOH 3AJlA4H

JlAME-KJlAnECtPOHA (CfE<lJAHA) C 3AJlAUHbIM YCJlOBHEM HA
<1>HKCHPOBAHHOH nOBEPXHOCfH

AHHOTal\HlI-nO.'lY'lellbl Bblpa;l;clllIll ./l.'lll onnospexrennoro onpeneneuus KaKIIX-JJII60 nnyx 113 C,'lCllYIO
WIIX xert.rpex KO:l<!><l>llIllleIlTOB xrarepnana, aanonusromero no.'ly6cCIC01lC'IIIOC npOCTpaIlCTBO ; k
(ICO:lcjJ<jllllllleIlT Ten.'lOnpOBOlllloeTll). I (cxpsrras TCnJlOTa nnaaneuna), i. (TenJlOe~IICOCTb). p (ssaccoaas
nnornocrs). Bupaxeuns nonysema 113 peurenua ofiparuoii on1l0<!>a3110ii aanaxn Jlavre-Knaneiipona
(Crerpana) c 3anallHbl~1 YC.'lOBIIC~1 na <!>IIICCIlP0BallllOii nOBepXIIOCTII xtarepnana npn mxreueunn ero
arperaruoro cocroxnus. Flpn peurennn aanaxn npennonaraercs. 'ITO Ko)(jJ<!>IIUlleIlTbI "0. CT. 00 > 0
I13BCCTllbl 113 3Kcnep"MCllTa (3JlCCb "0 - TCnJJOIlOii nOTOIC '1CPC3 cjJlIKcllpoBallllYIO nOBcpXIIOCTb. CT

xapaxrepmyer nonanxuyro rpauuuy, 00 - rexmeparypa na tP"ICCllpollalllloii nOBepXIIOCTII). 06011la'lIlB
Te~mepaTYPY xepea O. 113 peureuua aaaaxn c nonBII;I;II0ii rpanuuell BblTeKaCT cnenyrouiee: I) Bcnysac,
xorna neofixonnxro onpenernm, 0;11111 III ua50POB Ko)(jJ<!>IIUlleIlTOB {O,k; II 1IJ111 {O. k./'l. sanaxa
scerna uxrecr peureuue B anne peureuns Jlaste-Knanetlpoua-Heibraua ; 2) eCJIII onpencneruuo
1I0nnC;l;IIT oznut III uafiopoa K03<l><!>IIUIICIITOB to,k , ;.l. {O.I. ;.l. {O.I, pI 11.'111 to. i., p}, orosopeuuoe
BblWC peWClIlIC B03\IO;I;1I0 TO.lbKO B TO~I cnyxae, eCJJII asmonueuo YCJlOBlle np"Il.1C'ICIIII1I nOIlO.'lIIlI·
rensusrx nauuerx, Kpoxre roro, rronyseuu uupaxenna ./l.'lll OllIlOBpe\lCIIIlOrO onpcnencuus npyrux
cjJII11I'leCKIIX KO)(jJcjJIIUIICIITOB. a TaK;I;C ICO)(jJ<jJllUIICIITa ~ 113 uepaseucraa ~ 2 < SIel2, xapaxrepmyro
utero nonaicsuyro rpau uuy S(/) = 2a;,•./iBpeureuua Jlaxre-Knanetlpoua 0;UI0<jJa3110ii 3ana'lll Cretpaua

npn OTC}"TCTBllIl /lCII3IleCTllblX Ko:l<jJ<!>uulleHTOB (SIt'- '1I1C"lO Crerpana).
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